Abstract. We prove elimination of field quantifiers for strongly dependent henselian fields in the Denef-Pas language. This is achieved by proving the result separately for (a generalization of) algebraically maximal Kaplansky fields and for p-valued fields. We deduce that if (K, v) is strongly dependent then so is its henselization.
Introduction
This paper stemmed from the need for a complete proof that algebraically maximal Kaplansky fields eliminate field quantifiers (in the sense 1 , e.g., of [20, Definition 1.14] ). It quickly became clear that the same methods could be applied to prove elimination of field quantifiers for all strongly dependent henselian fields.
While elimination of field quantifiers for algebraically maximal Kaplansky fields may be folklore, we could not find a proof in the literature, though several closely related theorems do exist. In [16, Theorem 2.6] Kuhlmann proves that such valued fields admit quantifier elimination relative to a structure he calls an amc-structure of level 0. It is well known that this structure is essentially the RV-structure (see for instance [5, Section 3.2] ). In this language, Kuhlmann proves that if L and F are models of a theory of an algebraically maximal Kaplansky field and K is a common substructure then
where the valued fields are considered, for instance, in the L div language. This is proved by showing that every embedding RV L ֒→ RV F (over RV K ) lifts to an embedding (L, v) ֒→ (F, v) (over (K, v)), provided that F is |L| + -saturated, Using this result Bélair proves that, in equi-characteristic (p, p), every algebraically maximal Kaplansky field eliminates field quantifiers in the Denef-Pas language, the 3-sorted language enriched with an angular component map (see [1, Lemma 4.3] ). It seems, though it is not claimed, that Bélair's proof may apply to the mixed characteristic case as well.
Using ideas from [11, Chapter 3] , this result may be extended to strongly dependent henselian valued fields. The main results of this paper are the following 
then (K, v) eliminates field quantifiers in the Denef-Pas language.
Shelah's conjecture ( [20] ), usually interpreted as stating that strongly dependent fields which are neither real closed nor algebraically closed are henselian, is our main motivation for carrying out the present research. Strong dependence will, however, be used as a black box, and will never be invoked explicitly. For a more detailed discussion of strongly dependent henselian fields the reader is referred to [8] and references therein.
As a consequence of our main result we deduce a transfer principle, providing a new method for constructing strongly dependent fields:
In section 5 we show that any field of finite dp-rank admitting a non-trivial henselian valuation is a geometric field, in the sense of [9] , and that if it also has geometric elimination of imaginaries it is either algebraically closed or real closed.
In Appendix A we show that the exact same proof gives elimination of field quantifiers for strongly dependent henselian fields in the RV-language.
2. preliminaries 2.1. Valued Fields. We review some terminology and definitions. For a valued field (K, v) let vK denote the value group, Kv the residue field, res the residue map and O K (or O, if the context is clear) the valuation ring.
Valued fields will be considered in the 3-sorted language, with a sort for the base field, the value group and the residue field, with the obvious functions and relations.
For a valued field (K, v) an angular component map is a multiplicative group homomorphism
such that ac(a) = res(a) whenever v(a) = 0, we extend it to ac : K → Kv by setting ac(0) = 0. In fact, one only requires that vK be ℵ 1 -saturated. A valued field, admitting an angular component map will be referred to as an ac-valued field. The 3-sorted language of valued fields augmented by a function symbol ac for the angular component map, is called the Denef-Pas language.
A rough characterization of strongly dependent henselian fields was given in [11, Theorem 4.3.1] and a little more explicitly in [8, Theorem 5.14] . We make it explicit here, but we first remind some necessary definitions:
(1) A valued field (K, v) of residue characteristic p > 0 is a Kaplansky field if the value group is p-divisible, the residue field is perfect and does not admit any finite separable extensions of degree divisible by p. • char(Kv) = p > 0 and char(K) = 0 and
Let (K, v, Γ, k) be a valued field with value group Γ, residue field k, valuation ring O and maximal ideal M. Given a convex subgroup ∆ ≤ Γ, we let v Γ/∆ : K → Γ/∆ denote the coarsening of v with valuation ring
It has valuation ring
It is well known (and easy to check) that: 
Remark. In the mixed characteristic case, if vK is roughly p-divisible and ∆ p is the minimal convex subgroup containing v(p), the coarsening (K, v Γ/∆p ) is of equicharacteristic 0 and v ∆p , the induced valuation Kv Γ/∆p then (Kv Γ/∆p , v ∆p ), is of mixed characteristic (0, p) with a p-divisible value group. Definition 2.6. Let T 1 be the theory of valued fields stating:
• the valued field is henselian and defectless,
• the base field and the residue field are perfect,
• the valuation is roughly p-divisible,
• every finite field extension of the residue field has degree prime to p.
Remark.
(1) Perfection of the residue field follows, in fact, from the requirement that every finite field extension of the residue field has degree prime to p.
(2) Perfection of the base fields also follows from the other axioms (see below). (3) Every strongly dependent henselian valued field whose residue field is infinite is a model of T 1 . (4) If (K, v) |= T 1 and vK is not p-divisible then, by perfection of K (or rough p-divisibility), it is necessarily of mixed characteristic. We collect a few results, essentially, due to Johnson ([11, Section 3.2]). Johnson states these results under the stronger assumption that the residue field is algebraically closed. We repeat the proofs, sometimes verbatim, only to emphasize that this requirement is inessential. We start with an immediate application of henselianity:
The main properties of models of T 1 are collected in the next proposition:
:has-p-roots-and-more} Proposition 2.9.
(1) Let L/F be a finite extension. Since F is henselian and defectless
So we now assume that vF is not p-divisible. Hence, for ∆ p the convex subgroup generated by v(p) we get that (F v Γ/∆p , v ∆p ) |= T 1 and has a p-divisible value group. Fix some a ∈ F such that v(a) ∈ p · vF . By considering a/b p for v(a) = pv(b), we reduce to the case where v(a) = 0. Because (F, v Γ/∆p ) is henselian of residue characteristic 0, and v Γ/∆p (a) = 0 we know that a ∈ F p if and only if res
with the desired conclusion.
(3) We first assume that F has a p-divisible value group and show that (K, v) |= T 1 and vK is p-divisible. Since F is henselian and perfect and K is algebraically closed in F , also K is henselian and perfect. So F/K is regular, implying that F and K alg are linearly disjoint over K. Thus p does not divide the degree of any finite extension of K. Indeed, if K(a)/K is a finite extension with degree divisible by p then by linear disjointness so is F (a)/F . It follows that (K, v) is defectless, Kv is perfect and vK is p-divisible. Since every finite extension of Kv may be lifted to a finite extension K, p does not divide the degree of any finite extension of Kv.
Assume now that vF is not p-divisible. same p-rank. For every γ ∈ vL such that nγ ∈ vK for some n ∈ N there exists t ∈ L such that v(t) = γ and t n ∈ K. For future reference we sum up Fact 2.4 and Lemma 2.7:
In fact, by [8, Theorem 5.14] we get the following:
extending embeddings
The following results are proved in [23] for the (0, 0) case. We use results from [15] to give the slight generalizations necessary for our needs. Proof. Let x ∈ L ′ , we may write x = x 1 x 2 where x 1 ∈ L and x 2 ∈ O × L ′ and thus ac(x) = ac(x 1 )res(x 2 ) and Proof. By the previous lemma we may, of course, assume that γ i / ∈ vK. We now break the proof in two: Proof. It will suffice, by Lemma 3.1, to show that we can extend f to an isomorphism of valued field extensions preserving the value group of K. We break into two cases. 
eliminating field quantifiers
In this section all fields are assumed to be ac-valued considered in the Denef-Pas language 2 . We use the results from Section 2.2 and meld them with the proof from [16, Section 3] .
Recall that a valuation transcendence basis T for an extension L/K is a transcendence basis for L/K of the form T = {x i , y i : i ∈ I, j ∈ J} such that {vx i : i ∈ I}, forms a maximal system of values in vL which are Q-linearly independent over vK and the residues {ȳ j : j ∈ J}, form a transcendence basis of Lv/Kv.
Recall also that an algebraic extension of henselian fields L/K is tame if for every finite subextension K ′ /K:
′ /K is a defectless extension. K will be called tame if it is henselian and every algebraic extension is a tame field. Proof. By the uniqueness of the henselization of K, we may extend the embedding K ֒→ F to the henselization of K. Since the henselization is an immediate extension, by Lemma 3.1 the embedding respects the ac-map. Since every algebraic extension is the union of its finite sub-extensions we may further assume that L/K is finite.
Since Lv/Kv is finite and separable it is simple (recall L/K is tame). Assume that Kv(α) = Lv. By Lemma 3.3(Case 2) there exists c ∈ L withc = α, K(c)v = Lv and vK(c) = vK such that we may extend the embedding of K ֒→ F to an embedding K(c) ֒→ F respecting the ac-map.
Set
Since L/K ′ is finite, the group vL/vK ′ is a finite torsion group:
and by tameness the order of each γ i is prime to p = char(Kv). Using Lemma 3.2(Case 2.1) repeatedly there exist
is an immediate extension and we may extend the embedding of Proof. In ordered to embed L in F (over K) it suffices to embed every finitely generated sub-extension. So we may assume that L/K is a finitely generated extension.
Let T = {x i , y i : i ∈ I, j ∈ J} be such that {vx i : i ∈ I} is a maximal system of Q-linearly independent values in vL over vK and the residues {ȳ j : j ∈ J} are a transcendence basis of Lv/Kv. By [15, Lemma 6 .30] T is algebraically independent over K.
Let L ′ be the maximal tame algebraic extension of the henselization
By definition it is an algebraic extension so T is a transcendence basis for L ′ /K and it is a tame extension of K(T ) h . We may use Lemma 4.2 and embed L ′ in F over K, this embedding induces τ and commutes with the ac-map.
Since L ′ is the maximal tame algebraic extension of K(T ) h , necessarily vL/vL ′ is a p-group and Lv/L ′ v is a purely inseparable algebraic extension. The next step breaks into two cases : Case 1: Assume that L, F |= T 1 . By Lemma 2.9(2), we may repeatedly apply Lemma 3.2(Case 2.2) and extend the embedding of The rest of the proof is the same for both cases.
is an immediate extension, by [14, Theorem 1] there exists a pseudo-cauchy sequence with a as a pseudo-limit but with no pseudo-limit in L ′′′ . Since L ′′′ is algebraically maximal it must be of transcendental type. Since F is |L| + -saturated it is also |L| + -pc-complete. By [14, Theorem 2], we may thus find a pc-limit a ′ ∈ F and the map a → a ′ extends the embedding to an embedding of valued fields, it preserves the ac-map by Lemma 3.1. Doing this repeatedly we may embed L in F over K as ac-valued fields. 
As a result, T 1 and T 2 eliminate field quantifiers and the value group and residue field are stably embedded as pure structures.
Proof. There exist elementary extensions L * and F * of L and F , respectively, such that vL
we may assume from the start that τ = (τ Γ , τ k ) : (vL, Lv) ∼ = (vK,Kv) (vF, F v). The rest is standard and follows from the previous theorem.
As special cases of the above corollary consider Combining these results with Lemma 2.16, and the fact that it is known for the (0, 0) case, we have shown:
{C:elim-fqe-strong} The above corollaries give Theorem 1 of the introduction. We now proceed to some applications.
We remind ( [8, Proposition 3.4] ) that strongly dependent ordered abelian groups have quantifier elimination in the language
where
• L oag is the language of ordered groups, • for each k ∈ Z, "x = H y + k G/H " is defined by π(x) = π(y) + k G/h for π : G → G/H and k G/H denotes k times the minimal positive element of G/H, if it exists, and 0 otherwise.
• for each k ∈ Z and each m ∈ N, "x ≡ m,H y + k G/H " is defined by π(x) ≡ m π(y) + k G/H . Thus, the above corollary implies that a strongly dependent henselian field (K, v) has quantifier elimination modulo Kv in the Denef-Pas language augmented by the new predicates in L. In particular, if Kv has explicit quantifier elimination (e.g., Kv is an algebraically closed field or a real closed field) we get complete quantifier elimination for (K, v). This strengthens [11, Theorem 3.2.16] .
We can also give an alternative proof of the following: 
Geometric Fields {s:geometric}
In this final section, we use arguments from [12, Theorem 5.5] for pure henselian valued fields of characteristic 0, to show that henselian fields of finite dp-rank are geometric fields (see below for the definition). The proof in [12] is duplicated almost verbatim, we give the proof for the sake of completeness.
{P:acl-alg} Proposition 5.1. Let K be a strongly dependent field and v a non-trivial henselian valuation on K. Then for every K ≡ K ′ (in the language of rings) and
alg , where F 0 is the prime field of K ′ .
Remark. A field satisfying this proposition in called very slim in [12] , and by [22, Exercise 4 .38] the acl-dimension and the dp-rank coincide. ′ admits a non-trivial henselian valuation which we will also denote by v, and by Fact 2.1 (K ′ , v) admits an angular component map. Let ϕ(x) be an A-definable algebraic formula and assume there exists a satisfying ϕ(x) which is transcendental over F 0 (A). Since rv(x) = rv(y) implies v(x) = v(y) and ac(x) = ac(y), by elimination of field quantifiers (Corollary 4.8), see also [12, Theorem 5.5] , and using the claim we may find a non algebraic formula ψ(x) over A such that for every a ′ satisfying ψ, a ′ satisfies φ as well. Contradicting the fact that ϕ(x) is algebraic. In [9, Remark 2.10], Hrushovski-Pillay define the notion of a geometric field, it is a field K satisfying:
• K is perfect, • For every K ′ ≡ K (in the language of rings) and A ⊆ K ′ ,
where F 0 is the prime field, • Every K ′ ≡ K eliminates ∃ ∞ . These kind of fields, when sufficiently saturated, enjoy a nice group configuration theorem, see [9, Section 3] .
Since every strongly dependent field is perfect, combined with Proposition 5. 
